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Geometrization of Magnetohydrodynamic Equations
via Lie Groups
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The equations of magnetohydrodynamics of a perfect fluid are classified with
respect to the Coriolis parameter, and all essentially different solutions of rank
one are indicated. The geometry of streamlines is discussed.

1. INTRODUCTION

Transformation group methods have been extensively used for
analyzing and classifying differential equations. For the magnetohydrody-
namic equations with which we are concerned here, it may be remarked
that the classical procedures require considerable modifications to yield
acceptable results. One of the initial attempts in this direction seems to
have been that of Kucharczyk (1964), following an earlier model of Yano
(1955). Ladikov (1962) studied the geometry of streamlines. Recently Singh
and Choubey (1985) and Singh and Tripathi (1986) obtained the geometry
of streamlines in the case of magnetogas flows with magnetic field lines
acting along a fixed direction and under the influence of a Coriolis force,
and considered the physical application of MHD equations. In the present
paper the problem of the group classification of the system (6) is solved,
an optimum system of one-parameter subgroups is determined, and all
essentially different solutions are indicated. The method followed in this
paper seems to have a physical advantage over the available classical
techniques of flow classification.

2. FLOW EQUATIONS

Under the influence of a rotating reference frame the magnetohydrody-
namic equations of a perfect fluid are

divv=0 (1)
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(v-grad)v+2mxv=—grad p+p curl HxH (2)
curl vxH=0 3)
divH=0 4)

where v, H and o are velocity, magnetic field, and angular velocity vectors,
respectively, and u is the magnetic permeability. Equation (4) asserts an
additional condition on H, expressing the absence of magnetic poles in the
flow. Following Surayanarayana (1965), we take the plane transverse flow
as governed by

u_ dv_

ax y
du  du op*
u—+v——w*v=—L (5)
ax 9y ax
gv  ov *
u—+v-—+w*u=-——£)—
ax  ay 3y

where v=(u, v), p*=(p+3iuH?) is the total pressure, and w* =2w is the
Coriolis parameter. The factors w*u and w*v represent components of
acceleration produced by the Coriolis force due to the rotation of the earth,
and the parameter w*(y) can be an arbitrary function of y. For an arbitrary
w*(y), the system (5) admits a certain group of transformations G. The
special forms of the function w*(y) for which the fundamental group
admitted by the system (5) is wider than G are to be determined.

3. CLASSIFICATION OF EQUATIONS

3.1. For any arbitrary function «*(y) the basic operators of the
related Lie algebra are of the form

X, =4/ap, X,=4/dx (6)
For other forms of w*(y) we find the following results.
3.2. If o*=y""'(m #1), the operator
d

d 0 a
Xi=x—+y—+mu—+2mp— (7N
ox ay ou ap
is added to the operators (5).
3.3. If o*=e™(m #0), the operator
d a9 3 d
X3=—+mu—+mv—+2mp— (8)
dy ou av ap

is added to (5).
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34. If w™*=1, the fundamental group is generated by five operators,
with the three operators

9

added to (5).

3.5. If o* =0, the group is generated by six operators, with the operators

a d a ] a ) 3
Xg: ‘_+y_, X4=_’ X5=_-y——_‘+x—————vm+u~
ox oy dy ox oy ou ov
(10)
a3 d ]
Xe=—+v—+2p—
Ju av op

added to (5).

4. SOLUTION FOR w* =CONST

Let us construct the essentially different solutions for the first three
cases.

4.1. If o*(y) is an arbitrary function, the optimum system is generated
by operators (5). The subgroup with operator X, is eliminated, since for it
the necessary condition of the existence of an invariant solution is not
satisfied, while the subgroup with operator X, provides a solution that
depends on y. The substitution of these into (5) yields the system

' =w*v=0, vo'+o*u=—p’ v'=0

where the prime denotes differentiation. From the last equation we have
v = v,; for vy # 0 the integration yields

u=uy+Ar(y), PZPO_%)‘Z"‘"()

A{(y)=w*(y) and f is an arbitrary function of its argument. If, however,
v,=0, then

u=utf(y), p=po J w*(y)uo+f(y)] dy
In the first case the streamlines are defined by the formula
Uy — VX + J (y) dy = const

and in the second the streamlines are straight lines parallel to the x axis.



864 Singh, Tripathi, and Mishra

4.2. For w*=y™"! the optimum system is generated by operators X,,
X} and X,+aX,, and the solution for the subgroup with operator X7 is
of the form

u=x"U(§), o=x"V(§), p=x""(§), ¢E=y/x
The last subgroup yields a solution of the form
u=U(y), ov=V(y), p=ax+P(y)

Substituting in (5) and integrating, we find the following solutions:
1, «
Uu=upt—y " ——y V=0
m

2m d m+1__Ho

1
=potax——— + -
P=hPora 2) vo(m+1)y m”

2m
It is assumed that in this case m #0, m # —1.

In meteorological problems the Coriolis parameter is often approxi-
mately by a linear function, which corresponds to m=2. In this case
streamlines are cubic parabolas, and the solution may be treated as defining
a crest type of flow. Meteorological observations show that such flows result
in the formation of fronts with an abrupt change of weather.

If m =0, the solution is of the form

44
u=u0+1ny—v—y, V=1
0

p=po+ax—%ln2y+£y—uolny
Vg

For m=-1

1 a
U=uy——-——"-Y) U=y
Yy U

1 [24 Ug
p=potax—7—+—Iny+—
2y" v y

4.3. For o™ =e™ the optimum system of one parametric subgroup is
generated by operators aX;+ X, and X3+ aX,. The first subgroup yields
solutions of the form

u=U(y), v=V(y), p=ax+P(y)
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Putting these into system (5) and integrating, we obtain
1

o
U=uy+—e™”——yv=1,
m Vo

1
p=potax+—; [-a—(my—-l)—%—muo] e™
m*{ vy

which is similar to that for crest type of flow.
The solution for the second subgroup is of the form

u=e™U(£), wv=e™V(§), p=e"P(§), E=y-ax
and the unknown functions satisfy the following system of equations:
Uu'+V(mU—-aU)-V=-P
UV'+V(mV—-aV')+U=-2mP+aP’
U4+mV—-aV' =0

Another solution of this system is

U=a+u,e V=1, e, P=bv,e“—a/2m
_ (a—1)? B 1-a? = m
T m(a®=2a-1) m(a®—2a—1) a—1

The streamlines = const are specified by
x=y—[(a—1)/m]In(const—a/me™)

and represents a curve tending to a straight line. This solution can simulate
the flow in a cumulative stream.

5. SOLUTION FOR CONSTANT CORIOLIS PARAMETER

Before proceeding with the construction of the solution for o™ =1 and
o™ =0, we note that the input system (5) for a constant Coriolis parameter
can be replaced by an equivalent system by substituting the vorticity Q=
u, — v, for one of the unknown functions. For {1 = 0 system (5) is equivalent
to the Cauchy-Riemann equations u, — v, =0 and u, — v, =90, which admit
an infinite group of transformations. Because of this we subsequently seek
only solutions of nonzero vorticity. It will be necessary to use the input
equations in polar coordinates

X =rcos 6, y=rsin 6, u= cos ¢, v={)sin ¢

The expressions for the vorticity and the stream functions are

Q=cos(¢~6) (}m—%,)—sinw—e) (Q,+%¢o)

_ (11)
g, =—sin(¢—0), g =cos(¢—0)
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The arbitrary constants of integration of equations in polar coordinates are
denoted by Q,, po, and ¢,.

5.1. Solutions for o™ =1. The optimum system is generated by seven
operators,
X1, Xz, X3, XitX;, X;+ Xs, X3+aX;
Let us write (5) in polar coordinates. Taking into account trigonometric

identities, we obtain the following system:
2

L g0+ Qsin(é - 0)=p,
r
Q°0,+Q cos(¢p —6) =%p9 (12)

cos(¢p —0) (Q,+% ¢0) —sin{¢ — 8) <Q¢, —%Qe> =0

In the same variables the operators X3, X5 assume the form

IR 3 9, 2
X}=r—+—+2P—, Xs=—+—
ar Q) ap 96 9o

5.1.1. The subgroup with operator X, does not yield invariant sol-
utions, since the necessary condition for the existence of such solutions is
not satisfied.

5.1.2. The subgroup with operator X, yields the solutions, which
depend only on y. Integrating (5), we obtain

u=uyty, V=0, Pp=po—3y —upy if v,#0
u=—f"(y), v=0, p=f(y) if 0,=0

In the first case the vortex (1 =1 and the streamlines are represented by a
set of Parabolas. In second case ) = —f" and the streamlines are straight
lines parallel to the x axis.

5.1.3. For the subgroup with operator X3, we seek the solution in the
form Q = rw(8), ¢ = ®(8), and p = r* P(8); substituting into (12), we obtain
the equations

w’¢'+wsin(¢ — 0)=2P, wcos(¢p—0)=—P'
cos(p—0) w(1+¢')+sin(¢p—0) @' =0

In integrating this system, we consider two cases: ¢'=0 and ¢'# 0. For
@' =0 the solution is of the form

Q= Qrsin(0 — ¢,), & = ¢, p= _%Qorz Sinz(g — o)
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It can be shown that Q = €),. This solution yields streamlines that are parallel
straight lines at an angle ¢ to the X, axis. Since the diirection of coordinate
axis was not specified, the x axis can be made to coincide with that of the
velocity vector, i.e., we can set ¢o=0. The absolute value of the velocity
vector is proportional to y.

The second case, in which ¢, # 0, yields a solution that can be written
in the parametric form

1/2
Po R z+2 }
= =
Q r<z 1) , ¢ = 0+sin [&lo————(z 1)1/2

+ 1/2
p:r2 l:p0+90_(z__2(&> :I
z—1 2

L (1=20%)(z+1)-2Q3
(z+D[(1-40)]"?

¢ = Pot+1sin
For the vortex and stream functions we have
2 1/2
o--(2)
Q,

&r22+2
2 z+1

1 1/2 1/2
= (5) - o=[(8) ()
200 2 2 490
By a suitable selection of coordinate axes it is possible to obtain ¢, =0 and
the streamlines are defined by

=t =—Q0+ ar’+ br* sin(26 — 2p,)

a(x*+ y*)+2bxy +const =0
i.e., they represent a set of ellipses in the system of coordinate turned by 45°.

5.1.4. The subgroup with operator X; yields a solution of the form
QO =w(r), ¢ =¢(r), and p=p(r). Substituting into (12), we obtain the
system

1
~w’twsing =P, w'¢p+wcosd' =0
r

(13)
cos ¢ [w' +(1/r)w]—sinPwd =0

The last equation yields the first integral rw cos ® =£),. We can now write
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QO l"2 )2]1/2
Q=—1]1+ -
r [ <¢° 28,

2
¢= 0+tg»1 (d)o_‘r—‘)
280,

2
r Q2

P=Po—§—(1+¢§)5?

the general solution

The streamlines
6 = ¢o In—3r*/Qy+ const

are represented by set of spiral lines with the source (), > 0) or sink ({2,<0)
at the coordinate origin.

For Qoo <0 the angle # along the streamline varies monotonically,
while for {}o¢,> 0 the monotonicity breaks down. It can be shown by direct
calcuation that for such flow the vorticity is constant and equal to unity.

5.1.5. For the subgroup with operator X, + X, the solution is sought
in the form u= U(y), v=V(y), and p=x+p(y). Putting these into (5),
we get

Do"‘l
U=uy+ YU =1y,
Vo
vo—1 vo—1
p=potxtuy———y, Q=
209 20,

If v,=1, the vortex is nonzero and the streamlines are parabolas with their
axis parallel to the x axis. If v,=0, the system (5) becomes inconsistent.

5.1.6. For the subgroup with operator X, + X5, the solution is of the
form Q=w(r), 0=0+®(r), and p=0-+p(r).

The unknown function is determined by the system (5) in which —1/r
is substituted into the right-hand side of the second equation. Integration
of the obtained equations yields the solution

Q Qe+1 2)1”2
—_— + —

r [1 <¢° 203 '
QO+1r2)
203

o=0+ig” (¢o—

1\~ Q3
P=Po+—(1—ﬂ‘g)—8‘—(1+d>%)2—rg—¢oln r
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The solution is similar to that derived in (5.1.4) and the vortex 3 =1-+1/Q,
is nonzero throughout.

5.1.7. The last subgroup with operator X3+ aX; generates a solution
of the form

Q=rw(f), =0+, p=r'P(§)

were £=re °,

5.2. For 0*=0, (5) in polar coordinates is of the form

Q° 1
T(bO:PM Qz(br:—;PO

cos(¢p —9) (Qr—% ¢o> —sin(¢ —0) ((br—%QO) =0

In certain instances the last equation will be represented in a somewhat
different form by the substitution for the derivatives of ¢ of their expressions
in the first two equations. In polar coordinates the operators X35 and X
are of the simpler form

Xi=r—, X;=—+2p—
ar

The optimum system of one-parameter subgroups is generated by 11
operators, which for convenience are divided into two classes:

1. X,, X3, X5, X5+X;
2. Xi+X,, X,+ X5, Xo+ Xe, X1+ X5, X, + X3+ Xs,
X3+ Xs, Xo+ X
Direct calculation shows that operators of the first class yield solutions that

define vorticity-free flows only; hence, in accordance with what has been
previously stated, we restrict the analysis to operators of the second class.

5.2.1. The subgroup with operator X,+ X, yields a trivial solution
u=1uy,—y/ vy, vo=0, and p = p,. The streamlines are parabolas with their
axis parallel to the x axis. For v,# 0, (5) becomes inconsistent.

5.2.2. For the subgroup with operator X;+ X3 we seek a solution of
the form

Q=w(0), ¢ =0'(9), p=Inr+P(6)
Substituting in (12), we obtain
wd =1, cos(®—0) wP+sin(®—-0)w’' =0, P=p,



870 Singh, Tripathi, and Mishra

We use the first of these equations to determine w in terms of the reduce
the second equation F"=2(1+ F')* etg F by introducing the new function
F = ¢ — 0 and substituting for w. The order of this equation is reduced by
one by setting F'= ZF. The lower order equation is integrated and yields
the following dependence of F on Z:

Qsin®> F=(Z+1) ex !

sin” F =

¢ PZ+1

Let us consider Z as a parameter that reduces the solution to one quadrature.
The solution itself can be represented in the parametric form

Q=17
¢=0+F(1)
p=potinr
t/2
—eip ! —
F(t)=sin L
PN Y
e 2 Qote_t—l
L
Z+1

The vorticity Q = —Q3? e”"/?/r is nonzero throughout. The streamlines are
represented by a set of spiral lines and the solution exists only for Q;> e.

5.2.3. The subgroup X,+ X, generates a solution of the form u=
e*U(y), v=e*V(y), and p = e**P(y). The substitution of these expressions
into (5) yields

VV'—V?=2P,, P=Pp, (14)
If po=0, then the solution has the form
U= —ugvy ™%’ v=v,e,  p=0

and the streamlines are straight lines x+ vyy = const. But Py 0, and the
second equation (14), after a single integration, yields
V?=AV°-B
where A and B are arbitrary constants. Several cases must be considered,
depending on the signs of A and B.
(1) If A=} and B/v3= —p}, the solution is of the form
u=—vgp, e* ch(voy + uy)

v=po e” sh(vpy + uy)

1.2 2 2x
P=—30gpo €
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If po <0 and vy> 0, the streamlines approach the straight line y = y, = u,/ v,.
If however, p,> 0 and v, <0, the streamlines move away from the straight
line y = y,. Other combinations of these inequalities yield a similar flow
pattern, except that the velocity vector changes to the opposite direction.

(2) When A=v; and B/vj=p;, the integration of (15) yields the
solution

U = vgpy €™ cos(vey + up)

v=py e sin(vyy + 1)

_ 1,22 2x
P=—3UppPo €

The solution is periodic with respect to y. The flow is divided into bands
7/ v, wide, inside which the velocity vector monotonically changes to the
opposite direction along the streamlines from one boundary of the band to
the other. The flow resembles that with contact discontinuity of equations
for a compressible fluid.

The vortex is defined by the formula

Q= po(v5—1) e sin(vyy + uy)

For |vg| # 1 the vortex is nonzero. For the first two cases it is nonzero for
any values of the constants.

5.2.4. For the subgroups with operator X, + X the solution is sought
in the form Q = w(r), ¢ = 6 +D(r), and p = 6 + P(r). Substituting into ( )
and integrating, we get

Q, P )2]”2
= — + s ——
r [1 (d"’ 202

r2
=0+tg! _
¢ g (‘Jbo 293)

+ ! r—(1+¢2) 2 ¢oln

= o - Nk r

P=Do 80, 052 0

The constant (), is assumed to be nonzero, since otherwise the system of
equations would be consistent. The vortex is determined by =1/, and
solution is similar to that derived in 5.1.4.

5.2.5. The solution generated by the subgroup with the operator X, +
X3+ X5 can be represented by Q= w (&), ¢ = 0+P(£), and p= 0+ P(§),
where ¢ =re’ is the new independent variable.

5.2.6. For the subgroup with the operator X3+ X,, the solution is
specified by the formulas Q = rw(8), ¢ =0(8), and p = r*P(8), where the
unknown functions are determined by the equations

P=Do, 0’ ® =2p,, cos(®—0) (w>+2p,) +sin(®—0) ww’' =0
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For p,=0 the solution of the system is Qur sin(0 — ¢y), ¢ = ¢y, and p=0,

which in the system of coordinates rotated by an angle ¢, corresponds
to the couette type flow. If p,# 0 the solution can be represented in the

parametric form
2 1/2
=y (ﬂ)

z+1
. 1 Q(z+2)
¢ =0+sin 1———(z+1)1/2
p=por’
= g dsint L2001+ 2) =203
] 2

(z+1)(1-403)"?
The solution is the same as (), except for the expression for the pressure.

5.2.7. The last subgroup, with operator X5+ X, generates the solution
Q=e’w(r), p=0+®(r), and p=e*°P(r).
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